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Section |

10 marks
Attempt questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

b

1. Consider the statement: “If an animal is a bird, then it can fly or swim.’

What is the contrapositive statement?

(A)  If an animal cannot fly or cannot swim, then it is a bird.
(B)  If an animal cannot fly or cannot swim, then it is not a bird.

(C)  If an animal cannot fly and cannot swim, then it is a bird.

(D)  If an animal cannot fly and cannot swim, then it is not a bird.

2. Recall that "C, is defined for non-negative integers r and n where 0<r <n.
: . 1007C,yy 1 L . .
Consider the equation =T =—gg - HOw many real solutions in x does this equation
99 X
possess?
(A) 0
B 1
€ 2
(D) infinite
3. What is the angle between the vectors u=2i— j+k and v=1i+3j+2k, to the nearest
degree?
A T
(B) 83
© 84
(D) 96



Mathematics Extension 2 Trial HSC 2021

4. A(L2,2), B(3,-12,4), C(1,2,0) and D(3,-12,0)are four position vectors.

What is the vector projection of AB onto CD?

(A)  2i-14j+2k

(B)  2i-14j+4k

©) 2i—14]
(D) -2i+14]
. . 1 1
S. For all non-zero integers xand y , if x>y then —<—.

Xy
What is a counter-example to the above statement?

(A) x=2,y=-1
(B) x=0,y=0
©) X=4,y=3

(D) x=-2,y=1

6. A particle is moving in simple harmonic motion with displacement x metres. Its acceleration

X is given by X =-4x+3. What are the centre and period of motion?
(A)  centre of motion = 3, period = %
(B)  centre of motion = -3, period = 7

(C)  centre of motion :%, period = 7z

(D)  centre of motion = % period = %
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It is given that z=2+i isaroot of z° +az*—bz+5=0, where a and b are real numbers.

What is the value of a ?

A -5
B) -3
) 3
D) 5

Which integral has the smallest value?

(A)

(sin x)2 dx

' Salb) o'—vﬂﬁ

(B) (cos x)2 dx

Q
.-Mh\ o

©) sin x cos xdx

Q
.-Mh\ o

(D) sin x tan xdx




9.

10.
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Aball of mass m kg is observed rolling up a frictionless ramp, inclined at an angle of 30°to
the horizontal. When first observed, the ball’s velocity is 5 m/s.

Through what further distance will the ball roll up the ramp?

(A)
(B)
(©)
(D)

J3 metres

m\/é metres
2.5metres

2.5m metres

1

What value of a will minimise the integral I(xz —a)2 dx ?

(A)

(B)

©)

(D)

0

End of Section |
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Section 11

90 marks
Attempt questions 11 — 16
Allow about 2 hours 45 minutes for this section

Answer each question in a separate writing booklet.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks)  Use a SEPARATE writing booklet Marks

(@) Given w=2+5i and z=4-3i, evaluate

(i) |W+ Z| 2
(i) (w+2Z)(w+z) 2
(b) Find the square roots of 15—8i . 3

T

2
(c) Use the substitution t:tang to evaluate I _ do : 4
2 Ol+sm0+cos€
(d) (i) Write down all the roots of z" —1=0in the form re'’where r >0and -z <0< r. 2
(if) Hence, prove that cosz7”+cos4—”Jrcoses—ﬁ=—l 2

End of Question 11



Mathematics Extension 2 Trial HSC 2021

Question 12 (15 marks)  Use a SEPARATE writing booklet Marks
(a) Use integration by parts to find Jx3xdx. 3
4
(b) By writing _8-2X i the form i+w evaluatejlidx. 4
(1+x)(4+x2) 1+Xx  4+x (1+x)(4+x2)
0

(C) On the same Argand diagram, draw a neat sketch of [z—4-4i|=2 and arg(z)= % 4
Hence write down all the values of z which satisfy simultaneously
|z—-4-4i|=2 and arg(z):%.
(d) Find the scalar projection of the vector u=i—-2j+k onto v=4i—4j+7Kk. 2
-1 -2
() Given a=| 3 |andb=| 1 |,and a-b+2c=0, find c. 2
4 —4

End of Question 12
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Question 13 (15 marks)  Use a SEPARATE writing booklet Marks

(@) (i) Suppose a and b are positive integers, where a is even and b is odd. Show that the 1
sum of a and b is odd.

For positive integers m and n, consider the propositions:
p: m+n iseven

g: m and n are both even

r: mand n are both odd

(if) Write in symbolic form the compound proposition P where 1
P: If m+n iseven, then m and n are both even or m and n are both odd.

You may use v for ‘or’ and A for ‘and’ where appropriate.

(ilf) Write both in symbolic form and as an English sentence, the contrapositive to the 2
proposition P in part (ii).

(iv) Hence explain why the proposition P is true. 1
(b) If x and y are positive integers with x >y, prove that 6(x+ y)2 -2(x— y)2 is divisible 1
by four.
v T
Xsin xdx - x sin xdx
(C) Let Il = j 2 j .
1+cos? x 1+cos? X
0 0
(i) Using the substitution u =z —x show thatl; =1,. 2
(i) Hence, or otherwise, evaluate ;. 2

Question 13 continues on page 10
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Question 13 (continued)

(d) A particle is travelling in a straight line. Its displacement, x cm, from O at a given time
t seconds after the start of its motion is given by x = 3+sin’t.

(i) Prove that the particle is undergoing simple harmonic motion. 2
(if) Find the period of the motion. 1
(iii) Find the total distance travelled by the particle in the first z seconds. 2

End of Question 13

10
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Question 14 (15 marks)  Use a SEPARATE writing booklet Marks

() Prove log, 7 is irrational. 2

(b) The scalar product of i—24j—k, and the sum of i —Ak and Ai +2j—Kk, is six. Find 4. 2

(c) Prove by mathematical induction (2n)!< (n!)2 x 4" for all positive integers n > 5. 4

(d) Let OA=a, OB=hand OC =3a+ 2b.

(i) Provethatif OD = %(Yf then D lies on AB. 2
(it) Is the point D closer to point A or point B? Justify your answer. 1
(e) (i) Givenz=cos@+isin®, prove that z" —in = 2isinn@, where n e Z. 1
z
1)
(i) Hence, by considering the expansion of (z ——) , find the values of a, band ¢ 3
z

such that sin® @ = asin50 + bsin 36 + csin 6.

End of Question 14

11
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Question 15 (15 marks)  Use a SEPARATE writing booklet Marks

(@)

M

In ALMN, let LM =aand MN =b. 3

By finding an expression for the side length LN in terms of the vectors aand b, or

) 2 —2  ——2
otherwise, prove that‘LN‘ = ‘LM‘ + ‘MN‘ .

(b) By evaluating the integral, show that

\/1_7(2)(3_X)+

-1
sin~~(x)+
szxll—xzdx: ( ) 5 C 3
. 1 1 1
C) Itis given that =————forkeN.
(©) Itis g k(k+1) k k+1
. 1 1
(i) Prove that < : 1
(k +1)2 k(k+1)
(i) If xq, X5, X3,..., X, are positive integers, not necessarily consecutive, such that 3

1 1 1 1

1<% <Xg<X3<...<Xp, provethat —+—+—+...+——<1.
2 2 2 2
X2 X3 Xn-1

Question 15 continues on page 13

12
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Question 15 (continued)

(d) A particle of mass m kg is moving vertically downwards in a medium which exerts
a resistive force equal to mkv?, where v is the particle’s speed and k > 0 is a positive

constant. The particle is released from rest at O and its terminal velocity is U.

(i) By applying Newton’s 2" Law, show that the distance it has fallen below O is 2
given by:

(if) Prove that the time taken, T, for the particle to fall from O to when its velocity is 3
half of its terminal velocity, U, is given by:

T =iln3.
2

g

End of Question 15

13
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Question 16 (15 marks)  Use a SEPARATE writing booklet Marks

(@) An aircraft flying horizontally at u m/s delivers an emergency medical supply package
that hits the ground 4000 m away, measured horizontally. The package experiences an
air resistance of 0.1v where v is the velocity at time t and g is the acceleration due to

gravity.

The package hits the ground at an angle of 45°to the horizontal.

A
)/
u Aircraft
C pe—— — £ 3 >
0 i - x
- ~
» -~
N NOT TO SCALE
\‘\\
\\‘
\\\
N\
o
SRR . - Ground
¢— 4000 m — —>|

The horizontal and vertical components of acceleration are given by the differential

equations X =-0.1x and § =—g —0.1y respectively.

(i) By solving these differential equations, show that t seconds after release, the 5

position vector, r(t), is given by:
t)) (10u@-e X
[(t)z(x()jz u-e ")
y(®)) (100g@1-e%%)—10gt
(i) Using g = 10 m/s?, find the time when the package hits the ground. 3

Give your answer correct to 1 decimal place.

Question 16 continues on page 15

14
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Question 16 (continued)

(b) The lengths of the sides of a right triangle are a, b and c, where c is the length of the 2

hypotenuse. Prove the Pythagorean Inequality Theorem: as+b° < 3.

prove that 1,,,1 =

1
(©) (i) Giventhat Iy, = J‘xzn+1 X“dx where n is a positive integer, 2
0
® ni

2 2n-1-

(if) Hence, or otherwise, prove that 2 x2n-L 1+ G e X'dx <eforne . 3

O'—-.I—‘

End of Paper

15
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Question 11 (d) (ii)
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At terminal velocity:
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